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MODAL LOGICS OF STRUCTURES

Introduction1

We study the general problem of axiomatizing structures in the framework
of modal logic and present a uniform method for complete axiomatization
of the modal logics determined by a large family of classes of structures of
any signature.

By a structure we mean a non-empty universe with a collection of
functions and predicates of finite arity. Every such a structure can be
regarded as a generalized Kripke frame with a collection of accessibil-
ity relations corresponding to the principal predicates and the graphs of
the principal functions. Given a class of structures C of a signature σ
(σ-structures), we can consider the induced multi-modal language Mσ with
modalities corresponding to these accessibility relations, and the multi-
modal logic MLσ

C in that language which captures the modal formulae
valid in C. On the other hand, with every class of σ-structures we associate
the class of their complex algebras which provides the algebraic semantics
for that logic.

1Abstract of a paper presented at the Workshop on Advances in Modal Logic, Uppsala
16-18 October, 1998. The full paper is expected to appear in the proceedings volume of
the workshop, published by CSLI, Stanford.
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In this paper we axiomatize the basic modal logic of the class of all
σ-structures for an arbitrary signature σ. We further give a uniform scheme
for complete axiomatization, by means of additional axioms, of the modal
logic of any universal class of σ-structures, and a uniform scheme for com-
plete axiomatization, by means of additional rules, of the modal logic of
any Π0

2-class of structures. Finally, we briefly discuss using axioms vs rules,
comment second-order definability on structures effected by the modal lan-
guages, and end with a number of further questions of logical or algebraic
importance, arising from the present study.

Besides the various specific applications for particular classes of struc-
tures, the obtained results can be appreciated from a few general view-
points.

First, the modal logic MLσ
C corresponding to a class of structures C

encapsulates the universal fragment of the monadic second-order theory of
C, and thus provides an axiomatization for that fragment.

Second, that modal logic can be regarded as an axiomatization of the
class of corresponding complex algebras of the structures in C.

Third, from viewpoint of modal logic, the structures in C can be re-
garded as Kripke frames in which the universe of possible worlds has a
specific algebraic structure, besides the traditional relational component.
In cases when suitable representation theorems exist, (e.g. for groups, lat-
tices, Boolean algebras etc.) that algebraic structure can accordingly reflect
some internal structure of the possible worlds themselves. A numbers of re-
cent papers contain particular studies of such “structured” Kripke frames,
of which we shall only mention here the main precursor [1] of the present
paper, where the method presented here is applied to axiomatize the modal
logic of Boolean algebras, i.e. the class of frames (called there hyperboolean
algebras) the worlds of which are elements of a Boolean algebra, and the
frame is endowed with the usual Boolean operations.

1. Modal σ-languages and σ-frames. Syntax
and semantics of multimodal σ-logics

Let σ be an arbitrary signature. For notational convenience we shall assume
that it consists of finitely many functional, constant and predicate symbols
resp. f1, . . . fk; c1, . . . cl; r1, . . . rm, and let ρ be the arity function.
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A σ-structure W is any non-empty set with designated functions, con-
stants and relations corresponding to the symbols in σ:

W = 〈W ; F1, . . . Fk; C1, . . . Cl;R1, . . . Rm〉

With every signature σ we associate an algebraic (purely functional)
signature σ∗ which extends the signature of Boolean algebras, containing
the usual Boolean symbols ⊥,¬,∧ (and >,∨,⇒,⇔ accordingly definable),
with a set of operators {〈f1〉, . . . 〈fk〉, 〈c1〉, . . . 〈cl〉, 〈r1〉, . . . , 〈rm〉} of arities
respectively ρ(fi), 0, and ρ(ri)−1 corresponding to the functional, constant,
and predicate symbols. Further, with every σ-structure W we associate a
σ∗-structure called here its complex σ-algebra:

P(W ) = 〈P(W ); ∅,−,∩; 〈F1〉, . . . 〈Fk〉; 〈C1〉, . . . 〈Cl〉; 〈R1〉, . . . 〈Rm〉〉

which is the Boolean algebra of sets over W endowed with the corre-
sponding power operations, respectively defined as follows:
〈Fi〉(X1, . . . , Xn) = {Fi(x1, . . . , xn)|x1 ∈ X1, . . . , xn ∈ Xn},
〈Ci〉 = {Ci},
〈Ri〉(X1, . . . , Xn) = {x ∈ W |∃x1 ∈ X1 . . . ∃xn ∈ Xn(Ri(x, x1, . . . , xn))}.

In particular, for unary relational symbols, 〈Ri〉 = {x ∈ W |Ri(x)}.
For every non-constant symbol s in σ we introduce a “box” operator,

dual to the “diamond” operator 〈s〉:
[s](A1, . . . , An) = ¬〈s〉(¬A1, . . . ,¬An).

Every signature σ determines a propositional multi-modal language
Mσ containing a denumerable set VAR = {p1, p2, . . .} of propositional vari-
ables, the usual Boolean symbols⊥,¬,∧ (and>,∨,⇒,⇔ accordingly defin-
able) and a set of modalities {〈6=〉, 〈f1〉, . . . 〈fk〉, 〈c1〉, . . . 〈cl〉, 〈r1〉, . . . , 〈rm〉}
corresponding to the algebraic operators of σ∗. For technical convenience
we identify the language Mσ with the algebraic language for complex
σ-algebras and use the same symbols in both languages. The notion of
a formula of Mσ is defined as usual: besides the classical formulae, 〈c〉
is a formula for every constant symbol c, and if A1, . . . , An are formu-
lae and 〈α〉 is an n-ary modality, then 〈α〉(A1, . . . , An) is a formula, too.
[α](A1, . . . , An) is an abbreviation of¬〈α〉(¬A1, . . . ,¬An) as usual. The set
of formulae of Mσ will be denoted by FORσ.

According to the notational convention above, every modal formula
of Mσ can also be regarded as an algebraic term for complex σ-algebras.
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Complex σ-algebras provide an algebraic semantics for the language
Mσ in the usual way: by a valuation in a complex σ-algebra P(W ) we mean
any function v from VAR into P(W ). Each valuation v is then extended
to arbitrary formulae by a straightforward induction:
v(⊥) = ∅, v(A ∧B) = v(A) ∩ v(B), v(¬A) = W − v(A),
v(〈si〉) = 〈Si〉 for any constant or unary relational symbol si,
v(〈fi〉(A1, . . . , An)) = 〈Fi〉(v(A1), . . . , v(An)) for any n-ary functional sym-
bol fi,
v(〈ri〉(A1, . . . , An)) = 〈Ri〉(v(A1), . . . , v(An)) for any n + 1-ary predicate
symbol ri.

A formula A is valid in the complex algebra P(W ) if v(A) = W for
any valuation v.

Given a class C of σ-structures, by C∗ we denote the class of complex
algebras of the structures from C. A formula of Mσ is valid in C if it is
valid in every complex algebra from C∗. A formula of Mσ is valid if it is
valid in every complex σ-algebra.

Note that the semantics given above can be regarded as a Kripke-
style semantics on σ-structures by considering every complex σ-algebra as
a Kripke frame, called here a σ-frame:

FW = 〈W ; GF1 , . . . GFk
, {C1}, . . . , {Cl}, R1, . . . Rm〉

where GF = {(F (x1, . . . , xn), x1, . . . , xn)|x1, . . . , xn ∈ W} is the graph
of the function F (though taken with the last argument first, in order
to comply with the customary notation in modal logic). Then, the truth
definitions above become standard truth definitions of the Kripke semantics
respectively generalized for n-ary modalities. They can be reformulated in
terms of the satisfaction relation x |=v A: “the formula A is true at x under
the valuation v”, defined by x |=v A iff x ∈ v(A).

A pair (FW , v) for a σ-structure W and a valuation v in W is called a
model (over W ). A formula A is valid in a model (FW , v) if for any x ∈ W ,
x |=v A. A is valid in FW if it is valid in all models over W . Clearly, any
formula is valid in a σ-frame FW if and only if it is valid in the complex
algebra of W . Finally, a formula is valid in a σ-structure W if it is valid in
its complex algebra.

Given a complex algebra P(W ) we further extend it to a differentiated
complex algebra (which is a Boolean algebra with normal and additive



Modal logics of structures 5

operators in the sense of Jónsson and Tarski) by adding to its signature a
difference operator 〈6=〉 defined as follows:

〈6=〉X =def {x ∈ W |∃y ∈ X and x 6= y}. We denote its dual by [ 6=].
Using the difference operator, the following operators, crucially im-

portant for our axiomatic systems, are definable:
the universal modality 〈U〉X =def X ∨ 〈6=〉X,
and the “Only” operator: OX =def X ∧ [6=]¬X.

On the other hand, 〈6=〉 is definable in terms of these, too.
It turns out that for a large family of important structures, incl. im-

plicative lattices and their expansions, as well as groups and their expan-
sions, difference operator is definable by means of the other operators in the
complex algebras. However, the difference operator seems not definable in
other important classes of structures such as lattices and semigroups (even
monoids).

Using the universal modality [U ] and the operator O we can con-
struct a uniform translation τ of all universal formulae of the first-order
language Lσ of σ-structures into identities in the first-order language L∗σ
of their complex σ-algebras. For simplicity and further applications we
assume that the atomic formulae of Lσ are the following: x = xj , x = ci,
x = fi(x1, . . . , xn), ri(x, x1, . . . , xn), where x, x1, . . . , xn are individual vari-
ables of Lσ. We may do that without loss of generality since we consider
languages with equality, hence every term can be “unnested” into a con-
junction of such atomic formulae. Also, for notational convenience we use
the same variables for Lσ and L∗σ.

The translation τ is defined as follows (x, x1, . . . , xn are variables):
For atomic formulae:
• τ(x = xj) = 〈U〉(Ox ∧ Oxj);
• τ(x = ci) = 〈U〉(Ox ∧ 〈ci〉) for any constant symbol ci;
• τ(x = fi(x1, . . . , xn)) = 〈U〉(Ox∧〈fi〉(Ox1, . . . ,Oxn)), for any n-ary

functional symbol fi;
• τ(ri(x, x1, . . . , xn) = 〈U〉(Ox ∧ 〈ri〉(Ox,Ox1, . . . ,Oxn)) for any re-

lational symbol ri.
For open formulae:
• τ(¬ϕ) = ¬τ(ϕ);
• τ(ϕ ∧ ψ) = τ(ϕ) ∧ τ(ψ).
Finally, let ϕ(x1, . . . , xn) be an open formula and

ψ = (∀x1) . . . (∀xn)ϕ(x1, . . . , xn). Then:
τ(ψ) = 〈U〉(Ox1) ∧ . . . ∧ 〈U〉(Oxn) ⇒ τ(ϕ(x1, . . . , xn)).
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Lemma 1.1. A closed universal formula γ is valid in a σ-structure W iff
the corresponding identity τ(γ) = > holds in P(W ).

Henceforth, an arbitrary finitary signature σ is fixed, and we shall
assume that the difference operator is included in it.

2. Modal logics for classes of σ-structures

2.1. The modal logic of the class of all σ-structures

Here we introduce an axiomatic system for the minimal modal logic MLσ

consisting of the valid formulae of the class of all complex algebras of σ-
structures for any signature σ, and prove its soundness and completeness.

AXIOMS:
I. Enough propositional tautologies.
II. Axioms of the minimal multimodal logic:

(K[α]) [α](A1, . . . , Ai−1, B ⇒ C, Ai+1, . . . , An) ⇒
([α](A1, . . . , Ai−1, B, Ai+1, . . . , An) ⇒ [α](A1, . . . , Ai−1, C,Ai+1, . . . , An)),

and
(Dual) 〈α〉(A1, . . . , An) ⇔ ¬[α](¬A1, . . . ,¬An)

for every n-ary operator [α] and i ∈ {1, . . . , n}.
III. Axioms for [ 6=]:

(D1) A ∨ [ 6=]¬[ 6=]A,
(D2) 〈6=〉〈6=〉A ⇒ (A ∨ 〈6=〉A),

IV. Axioms for [U]:
(U) [U ]A ⇒ [α](A1, . . . , Ai−1, A,Ai+1, . . . , An),

V. Axioms for the constant and functional modalities:
(c) For every constant symbol c from σ,
(c1) 〈U〉O〈c〉,
(c2) 〈c〉 ⇒ O〈c〉,
(f) For every n-ary functional symbol f from σ,
(f1) (〈U〉OA1 ∧ . . . ∧ 〈U〉OAn) ⇒ 〈U〉〈f〉(OA1, . . . ,OAn)

and
(f2) 〈f〉(OA1, . . . ,OAn) ⇒ O〈f〉(OA1, . . . ,OAn).
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RULES OF INFERENCE:
Uniform substitution (SUB):

A

sub(A)

where sub(A) is the result of application of any uniform substitution of
formulae for variables in A.

Modus Ponens (MP):
A,A ⇒ B

B

Necessitation for [U ] (N[U]):

A

[U ]A

Witness rule schema:

(WIT):

A ⇒ [α](A1, . . . , Ai−1,Op ⇒ B,Ai+1, . . . , An), for all p ∈ VAR
A ⇒ [α](A1, . . . , Ai−1, B, Ai+1, . . . , An)

for any n-ary modality [α] and i ∈ {1, . . . , n}.

Let us note that, as usual, the Witness rules can be replaced by finitary
rules assuming the proviso not for all p ∈VAR but for some p not occurring
in A,B,A1, . . . , An.

Theorem 2.1. (Completeness Theorem for MLσ) The following are equiv-
alent for any formula A in MLσ:

(i) A is a theorem of MLσ.
(ii) A is valid in all σ-structures.
(iii) A is valid in all complex σ-algebras.

In this section we introduce uniform methods for complete axiomati-
zation of the modal logic MLσ

C consisting of the valid formulae of a class
C of σ-structures for a large family of elementary classes.
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2.2. The modal logic of a universal class

Given a universal class C of σ-structures, axiomatized by a set of univer-
sal sentences ∆, we obtain the logic MLσ

C of all valid formulae in C by
extending MLσ with the following additional group of axioms:

Axioms for the class C∗:
(ψ∗) τ(ψ), for every formula ψ from ∆.

Theorem 2.2. (Completeness theorem for MLσ
C) For any universal class

C the following are equivalent for any formula A of Mσ:
(i) A is a theorem of MLσ

C,
(ii) A is valid in all σ-structures of the class C.
(ii) A is valid in all complex σ-algebras from C∗.

This theorem covers a large family of important classes of structures,
incl. implicative lattices and their expansions such as pseudo-Boolean,
Boolean, modal, relational, dynamic, cylindric algebras, etc.; groups and
their expansions, e.g. ordered groups, rings, integral domains, etc.

2.3. The modal logic of a Π0
2-class

The result above can be extended by providing a uniform complete axiom-
atization of any Π0

2 class of structures, by means of additional rules of the
type of Witness. Given a Π0

2 class C of σ-structures axiomatized by a set
of Π0

2 sentences ∆, we obtain the logic MLσ
C of all valid formulae in C by

extending MLσ with the following additional group of rules:

Rules for the class C∗:
For every formula ψ = ∀x̄∃ȳφ(x̄, ȳ) from ∆, where x̄ = x1, . . . , xk,

ȳ = y1, . . . , ym are disjoint strings of variables and φ is open, we add the
following rule to the axiomatic system MLσ:

(WITψ): If

` A ⇒ [α](A1, . . . , Ai−1, (〈U〉Oȳ ∧ τ(φ(x̄, ȳ))) ⇒ B, Ai+1, . . . , An)

for some y1, . . . , ym ∈ VAR, not occurring in A,A1 . . . , An, B, then

` A ⇒ [α](A1, . . . , Ai−1, 〈U〉Ox̄ ⇒ B, Ai+1, . . . , An),
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for any n-ary modality [α] and i ∈ {1, . . . , n}, where 〈U〉Oȳ = 〈U〉Oy1∧
. . . ∧ 〈U〉Oym, 〈U〉Ox̄ = 〈U〉Ox1 ∧ . . . ∧ 〈U〉Oxk.

Again, a uniform completeness result for the obtained modal logics
holds.

3. Concluding remarks

Note that, since every universal formula is a Π0
2 formula, we have a choice

to axiomatize a universal class either by means of axioms or rules, and
it is quite easy to derive the axiom from the corresponding rule. Same
choice exists for various modally definable Π0

2 classes, e.g. atomless Boolean
algebras can be modally axiomatized by extending the axiomatic system for
Boolean algebras with the additional axiom (OA∧¬〈0〉) ⇒ 〈U〉(A〈∧〉> ∧
¬A ∧ ¬〈0〉); fields are modally axiomatized over integral domains with the
additional axiom (OA ∧ ¬〈0〉) ⇒ [U ](〈1〉 ⇒ A〈×〉>). This raises the
question: which is the better choice? In the paper we argue in favour of
using rules rather than axioms.

The modal languages for complex algebras, being essentially of a
second-order nature, naturally allow for universal monadic second-order
quantification over important types of subsets of structures, such as sub-
structures. For instance, universal quantification over subgroups can be
effected by using a modally definable predicate for a subgroup: s(X) =
〈U〉X ∧ [U ](X〈×〉X〈′〉 ⇒ X), and then s(X) ⇒ Ψ(X) is valid in a group
iff all subgroups of the group have the property Ψ. This pattern obviously
generalizes to substructures of an arbitrary structure.

Also, the congruences in many classes of structures (such as Boolean
algebras, groups, rings) etc. can be determined by specific subsets (resp. fil-
ters, normal subgroups, ideals), which sometimes are modally definable and
thus enable universal quantification over congruences, hence over homomor-
phic images, too. For instance, a modally definable predicate for a filter in a
Boolean algebra is: f(X) = [U ]((〈1〉 ⇒ X)∧(X ⇒ ¬〈0〉)∧(X〈∧〉X ⇒ X)∧
(X〈∨〉> ⇒ X)), and for an ultrafilter: u(X) = f(X) ∧ [U ](〈−〉X ⇔ ¬X).

Finally, the topic of the present paper raises a number of interesting
general issues of logical or algebraic importance which we briefly discuss in
the full paper.
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